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Abstract This paper presents the experimental and theoretical developments used to estimate the Biot coef-
ficient for the heterogeneous Cobourg Limestone, which is characterized by its very low permeability. The
coefficient forms an important component of the Biot poroelastic model that is used to examine coupled hydro-
mechanical and thermo-hydro-mechanical processes in the fluid-saturated Cobourg Limestone. The constraints
imposed by both the heterogeneous fabric and its extremely low intact permeability [K ∈ (10−23, 10−20) m2]
require the development of alternative approaches to estimate the Biot coefficient. Large specimen bench-
scale triaxial tests (150 mm diameter and 300 mm long) that account for the scale of the heterogeneous fabric
are complemented by results for the volume fraction-based mineralogical composition derived from XRD
measurements. The compressibility of the solid phase is based on theoretical developments proposed in the
mechanics of multi-phasic elastic materials. An appeal to the theory of multi-phasic elastic solids is the only
feasible approach for examining the compressibility of the solid phase. The presence of a number of mineral
species necessitates the use of the theories of Voigt, Reuss and Hill along with the theories proposed by Hashin
and Shtrikman for developing bounds for the compressibility of the multi-phasic geologic material composing
the skeletal fabric. The analytical estimates for the Biot coefficient for the Cobourg Limestone are compared
with results for similar low permeability rocks reported in the literature.

Keywords Biot coefficient · Skeletal compressibility · Solid material compressibility · Voigt-Reuss-Hill
estimates · Hashin-Rosen estimates · Cobourg limestone

1 Introduction

A proposed location for a Deep Geologic Repository (DGR) to store low- and intermediate-level radioactive
waste is in the geologic formations at the Bruce Nuclear Facility on the eastern shores of Lake Huron in
southern Ontario, Canada. This DGR will be located approximately 680 m below ground level within the
Cobourg Limestone formation of the Paleozoic sedimentary sequence that rests on a Precambrian granitic
gneiss basement rock. The Cobourg formation is overlain by upper Ordovician-age siltstone and grey shale
extending to a thickness of approximately 200 m and underlain by argillaceous limestone and grey shale,
approximately 150 m thick resting on the granitic basement rock. Despite its low clay content, the Cobourg
Limestone is nominally referred to as an argillaceous limestone. A characteristic feature of the Cobourg
Limestone is its heterogeneous fabric, consisting of lighter nodular regions of calcite and dolomite separated
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Fig. 1 The heterogeneous Cobourg Limestone (a) heterogeneity in a 406 mm cube, (b) heterogeneity in a 130 mm cube, (c)
panoramic view of the surface of 150 mm diameter cylinder

by argillaceous partings of a similar composition but with quartz and a low clay content (Fig. 1). The partings
give the appearance of a distinct heterogeneity and nominal stratifications and raises important issues related
to the representative volume elements that should be tested in order to obtain meaningful geomechanical
properties relevant to the repository scale. X-ray tomographic imaging of small diameter (85 mm) samples
of the Cobourg Limestone indicates that the heterogeneous fabric persists within the sample (Selvadurai [1]).
The heterogeneity was also confirmed through the dissection of a large diameter cylinder measuring 150 mm
in diameter and 300 mm in length.

The planned use of the Cobourg Limestone as the primary DGR setting requires the characterization of
the poromechanical parameters that are important for defining coupled processes in the hydro-mechanical
properties. In the event the argillaceous limestone formations are considered as repository locations for stor-
ing heat-emitting high-level nuclear waste; then it becomes necessary to also determine its thermo-hydro-
mechanical properties. The theory of poroelasticity developed by Biot [2] represents a defining point in the
mathematical modelling of coupled hydro-mechanical processes in fluid-saturated porous media. Although
such theories have been developed in the context of soil mechanics (Terzaghi [3]), the theory proposed by Biot
contains essential features that are relevant to themodelling of fluid-saturated rockmasses. The theory has been
extensively applied to problems involving geomechanical processes in fluid-saturated rocks (Coussy [4]; Sel-
vadurai [5]; Cheng [6]; Selvadurai and Suvorov [7]) and has been extended to cover thermo-hydro-mechanical
processes that are relevant to many geo-environmental processes encountered in deep geologic sequestration
of heat-emitting nuclear fuel wastes (Selvadurai and Nguyen [8]; Selvadurai and Najari [9]), sequestration
of CO2 in fluidized forms, thermo-poroelastic processes resulting from glacial loading of sparsely fractured
geologic formations (Selvadurai et al. [10]), heat generation during earthquake rupture and thermal stimulation
of resource bearing formations for enhanced resource recovery (Selvadurai and Suvorov [7]). In its original
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realm of application, Biot’s theory of poroelasticity was developed to examine the mechanics of fluid-saturated
geomaterials. The theory now has to its credit an extensive range of applications including in the modelling
of bone material (Cowin [11]; Giorgio et al. [12]), nematic liquid crystals (Rosi et al. [13]) and in the mod-
elling of fluid-saturated biomaterials including arterial tissue and brain material (Pence [14]; Selvadurai and
Suvorov [15,16]; Suvorov and Selvadurai [17]).

An important aspect of Biot’s theory of poroelasticity is the specification of the partitioning of externally
applied stresses between the porous skeleton and the pore fluid saturating the pore space. The Biot formulation
takes into consideration the compatibility of volumetric elastic deformations of the porous skeleton and that
of the pore fluid. The theory of effective stress proposed by Terzaghi [3] has no observable connection to the
notion of deformation compatibility between the pore fluid and the porous skeleton in the stress partitioning
process. The pore pressure parameters proposed by Bruggeman et al. [18] and Skempton [19] follow the basic
ideas proposed by Biot and extensions to other formulations that incorporate the compressibility of the solid
material composing the porous skeleton are given byBishop [20]. The estimation of Biot’s coefficient for a very
low permeability geologic mediumwith a heterogeneous porous fabric is not as straightforward as it is for soils
and other high permeability rocks such as sandstone, limestone, porous tuff. The nature of the heterogeneity
in terms of the spatial distribution of the various porous phases invariably requires a more precise definition of
the effective elasticity properties of the solid material composing the porous fabric that are needed to evaluate
the Biot coefficient.

2 The mineralogical and physical properties of the Cobourg Limestone

The Cobourg Limestone used in the research programme was obtained from an outcrop at the Saint Mary’s
Quarry in Bowmanville, Ontario. Extensive mechanical, physical and fluid transport investigations were per-
formed by the research group and these are documented in the articles by Selvadurai et al. [21], Selvadurai
and Jenner [22], Selvadurai and Najari [9,23], Selvadurai and Głowacki [24] and Selvadurai [1]. Of particular
interest are the tests on cuboidal samples that were performed to establish the influence of sample size on
the mass density and uniaxial compressive strength. Figure 2a shows the variation of mass density with the
dimensions of the cuboid, and Fig. 2b shows the variation of the uniaxial compressive strength of the cuboidal
specimens.

These results obtained indicate that the basic physical andmechanical properties show some dependency on
the fabric heterogeneity of the Cobourg Limestone. The deformability characteristics in terms of the measured
elastic modulus varied from 6.6 GPa (250 mm cube) to 17.7 GPa (200 mm cube) with an average of 13.5 GPa.
These values are considerably lower than the Young’s moduli estimated from triaxial tests on 85 mm diameter,
170 mm long cylindrical samples [1]. A separate test on a 250 mm cube with bonded strain gauges gave a
Young’s modulus of 35 GPa, consistent with the triaxial test data [1]. These preliminary results indicate that to
eliminate the influence of heterogeneity on the basic geomechanical characterizations, the sample dimensions
should be larger than 100 mm, which is approximately four times the size of the larger nodular regions.
The XRT images of the 85 mm diameter and 170 mm long Cobourg Limestone cylinders lacked the RVE
dimensions necessary to evaluate the relative volume fractions of the lighter grey nodular limestone and the
darker argillaceous partings. These volume fractions were estimated using photographic images of thin slices
(80 mm× 120 mm× 8 mm) obtained from a cuboidal prism [1]. A composite image of the spatial distribution
of the lighter grey limestone is shown in Fig. 3. The volume fraction of the lighter grey limestone region was
approximately 0.475, and that of the darker argillaceous partings was 0.525. To further investigate the volume
fractions, a 150 mm diameter by 300 mm long cylinder was cut into 13 discs of nearly equal thickness. An
image analysis of the photographs of both faces of each disc was then used to reconstruct the spatial distribution
of the lighter and darker regions. These studies indicated that the area fraction of the darker grey argillaceous
region exhibited wide variability, from 0.076 to 0.631, and the average area fraction of the darker argillaceous
phase was approximately 0.36. The data obtained from the dissection of the cuboidal prism are considered
more reliable due to the smaller thickness of the slabs used in the image analysis. In view of the variability in
the estimation of the volume fraction of the darker argillaceous partings (VDR), it is prudent to assign plausible
limiting values to the parameter: i.e. VDR ∈ (0.36, 0.53).

Two experimental procedures were used to estimate the mineralogical composition of the Cobourg Lime-
stone. In the first procedure, XRF, XRD and JEOL electron probe analyses were used to estimate the miner-
alogical composition of samples recovered from powder, fragments and discs. For the powder samples, visible
light and dark grey species were etched from the surface of large Cobourg Limestone cubes with a hardened
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Fig. 2 Size dependency in the Cobourg Limestone. (a) Variation of density and (b) variation of uniaxial compressive strength
with sample size

steel hook to collect approximately 1 g of the material. For the fragmented samples, light and dark grey regions
were selected and hit with a hammer to delaminate the particular species. The disc sections were cut from
25 mm diameter core samples at selected areas of a particular species; these sections were machined on a
lathe to obtain a disc (2–3 mm in thickness and 25 mm in diameter), which allowed it to be analysed in the
XRD apparatus. Table 1 shows the relative mineralogical composition of the lighter and darker phases of the
Cobourg Limestone. In the second approach the mineralogical compositions were determined using a EDS
Probe incorporated on a Zeiss Sigma-Gemini SEM apparatus. The mineralogical compositions obtained by
averaging results of both experimental procedures are given below, and the bulk modulus of the minerals is
also indicated:

(i) The Lighter Grey Nodular Phase
Calcite ∼ 86%; Dolomite ∼ 5%; Quartz ∼ 8%; Clay ∼ 0.3%;
Porosity ∼ 0.001

(ii) The Darker Argillaceous Partings
Calcite ∼ 51%; Dolomite ∼ 16%; Quartz ∼ 22%; Clay ∼ 2.4%;
Porosity ∼ 0.006
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The light grey 
nodular phase

The dark grey argillaceous 
partings

Fig. 3 The spatial distribution of the lighter and darker phases of the Cobourg Limestone, derived from an assembly of images
obtained from sectioning a cuboidal sample

Table 1 Mineralogical composition of the Cobourg Limestone

Light grey Dark grey

Minerals % Minerals Variance %

Quartz 8.01 Quartz 22.00 ± 5.9
Calcite 85.4 Calcite 51.45 ± 13.3
Dolomite 5.3 Dolomite 15.85 ± 6.6
Albite 0.73 Albite 3.25 ± 1.1
Microcline 0.25 Microcline 3.00 ± 0.2
Muscovite 0.16 Muscovite 1.55 ± 0.9
Chlorite 0.13 Chlorite 0.80 ± 0.3
Pyrite 0.08 Pyrite 1.45 ± 0.8
Haematite 0.03 Haematite 0.65 ± 0.2

(iii) Bulk Modulus and Shear Modulus Values
The values for the bulk moduli (KS)i and shear moduli (GS)i (i = Calc, Dolm, Qrtz, Clay) of the basic
minerals constituting the Cobourg Limestone can be obtained from published literature (Carmichael [25];
Berge and Berryman [26]; Redfern and Angel [27]; Vanorio et al. [28]; Lin [29])
Calcite: (KS)Calc = 76 GPa; (GS)Calc = 32 GPa
Dolomite: (KS)Dolm = 95 GPa; (GS)Dolm = 45 GPa
Quartz: (KS)Qrtz = 37 GPa; (GS)Qrtz = 45 GPa
Clay: (KS)Clay = 12 GPa; (GS)Clay = 6 GPa

There is reasonable similarity between the results for the mineralogical composition derived from the two
procedures. The above set of values will be used to estimate the effective bulk modulus of the solid material
constituting the porous skeleton. The porosity of the lighter and darker phases was determined using Mercury
Intrusion Porosimetry (MIP). The results are slightly lower than the bulk values observed in previous inves-
tigations: Vilks and Miller [30] ∼ 0.017, Selvadurai et al. [21] ∼ 0.015, Selvadurai and Jenner [22] ∼ 0.01,
Selvadurai and Najari [23,31] ∼ 0.006 to 0.04, Selvadurai and Głowacki [24] ∼ 0.01. SEM images of the
Cobourg Limestone indicate a clear demarcation boundary between the light grey calcite-dolomite regions and
the dark grey calcite-dolomite regions with a clay fraction (Fig. 4). The spatial variation of physical parameters
such as porosity, however, cannot be readily estimated without appeal to micromechanical testing.
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Fig. 4 a A SEM image of the Cobourg Limestone composition with boundary between the two micro-texture phases: (1) the
main calcite phase and (2) the argillaceous phase, b close-up of the micro-texture boundary of picture a, c matrix layout of the
argillaceous area, d well-developed micro-porosity network in the argillaceous part

3 Triaxial testing of a dry Cobourg Limestone cylinder

The skeletal compressibility characteristics of the Cobourg Limestone were determined by testing a 150 mm
diameter and 300 mm long cylinder, which was oven-dried at 70◦C for one week. The cylinder was weighed
periodically to ensure that the absorbed moisture was removed during the drying process.

The large sample needed to capture a representative volume required the use of a large triaxial cell specially
designed and built byGDS Instruments. The schematic arrangements of theGDSActiveTriaxial Cell are shown
in Fig. 5, and the schematic view of the experimental facilities for conducting triaxial tests is given in Fig. 6.
The application of cell pressures and axial loads to the Cobourg Limestone cylinder is controlled through two
64 MPa GDS pressure controllers as shown in Fig. 6. The plane ends of the Cobourg Limestone cylinder were
machined to a parallel finish andwere in direct contact with the loading platens (Fig. 5). The axial deformations
of the cylinder during the application of either the cell pressure or the deviatoric stresses were monitored with
a specially designed harness containing 3 LVDTs connected to the loading platens. The cell pressure, the axial
load and LVDT data were collected continuously through a 16-bit data logger.

TheGDSActive Triaxial Cell and test facility were used to determine the skeletal elasticity properties of the
oven-dried large diameter Cobourg Limestone cylinder. Initially, the test specimen was subjected to increasing
cell pressure and, upon attainment of a linear range in the isotropic stress with the axial strain, the cell pressure
was maintained at a constant value, and the deviator stresses were applied. During both loading excursions,
the axial strain in the Cobourg cylinder was measured. A typical experimental result is shown in black in
Fig. 7. The experiment was repeated, and except for a shift in the origin of the test (the red curve in Fig. 6), the
experimental results were remarkably similar. The shift in the origin can be corrected, but this is unnecessary
since the elasticity properties relevant to the skeletal behaviour are determined by considering the slopes of
the linear range of the loading curves (points A, B and C in Fig. 6). Additional uniaxial compression tests
were performed on a separate 150 mm diameter and 300 long sample of the Cobourg Limestone to determine
the skeletal elastic modulus, which was estimated to be between 34 and 36 GPa.
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Fig. 5 The GDS Active Triaxial Cell for testing the Cobourg Limestone cylinder, measuring 150 mm in diameter and 300 mm
in length and the LVDT arrangement

4 Theoretical approaches for the estimation of the Biot coefficient

In principle, estimating the Biot coefficient for a geomaterial is quite straightforward and requires only the
estimation of the bulk modulus of the porous skeleton and the effective bulk modulus of the solid phase
constituting the porous skeleton. The effective stress principle proposed by Biot [2] takes the form

σi j = σ ′
i j + αpδi j (1)

In (1), σi j is the total stress, σ ′
i j is the effective stress, δi j is Kronecker’s delta function and α is the “Biot

Coefficient”, defined by

α = 1 − KD

KS
(2)

where KD is the bulk modulus of the porous skeleton and KS is the bulk modulus of the material composing
the porous skeleton. If the bulk modulus of the porous skeleton is much smaller than the effective bulk modulus
of the material, i.e. (KD/KS) � 1, then Biot’s result converges to the result by Terzaghi [3].

In an experiment, the bulk modulus of the porous skeleton corresponds to the bulk modulus of the material
in an air-dried or oven-dried condition, ensuring that there is no material damage during the removal of any
moisture from the pore space. Schematically, the stages in the determination of KD and KS are illustrated in
Fig. 8. In the first example (Fig. 8a), the pore space of the rock is dry and the sample is subjected to isotropic
compression. The volumetric strain of the sample obtained from such a test can be used to estimate KD . In the
second example, illustrated in Fig. 8b, a fully saturated and jacketed sample of the rock is subjected to isotropic
compression and the pore fluid pressures in the sample are allowed to attain equilibrium with the externally
applied isotropic compression. The volumetric strain experienced by the sample during this test will correspond
to the volumetric strain of the skeletal material, which can be used to estimate the value of KS . The former
test is straightforward but the latter test to estimate the value of KS can be influenced by the permeability of



946 A. P. S. Selvadurai

Fig. 6 A schematic view of the GDS Active Triaxial Cell testing facility

Fig. 7 Experimental results from the GDS Active Triaxial Cell testing facility

the porous medium. The above procedure has been successfully applied to estimate the Biot coefficient for a
variety of rock including sandstone, granite, limestone, and examples of the results derived from experiments
are documented in articles and volumes by Detournay and Cheng [32], Wang [33], Coussy [4], Lion et al. [34],
Cheng [6], Wang et al. [35] and Armand et al. [36].

For a low permeability porous medium such as the Cobourg Limestone, additional time will be required for
the pore water to reach fluid pressures equal to those applied at the boundary of the sample. It should be noted
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Fig. 8 Schematic representation of experiments required for estimating the Biot constant. a Test for estimating KD , b test for
estimating KS

that there is no strict definition of what constitutes a low permeability geomaterial. The experimental results
presented in [21–24,30,31,37] identify a range of geomaterials, both natural and constructed, that could be
designated as having low permeability. For the Cobourg Limestone, with porosities ranging from 0.5 to 4%, the
permeabilities can range from 10−22 to 10−19 m2. Since the shortest flow path in the cylinder will correspond
to the radial direction of the cylinder, the problem can be formulated as a radially symmetric problem in the
theory of poroelasticity, where the pore fluid pressure at the boundary of the cylinder will correspond to the
applied pressure p0, and the radial effective or skeletal stresses are zero. As a simple illustration of this time
requirement, we can consider the simpler radially symmetric problem of the time-dependent development of
pressure in a circular porous medium, which is governed by the diffusion equation

α2
(

∂2 p

∂r2
+ 1

r

∂p

∂r

)
= ∂p

∂t
(3)
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where

α2 = K

η f (nC f + CD)
(4)

and K is the permeability of the porous medium, η f is the dynamic viscosity of the fluid, n is the porosity, and
C f andCD are, respectively, the compressibilities of the fluid and the porous skeleton (Selvadurai [38]). Other
factors such as the compressibility of the solid material constituting the porous fabric can be included in (4),
but this will not greatly influence the results since the compressibility of the solid phase is orders of magnitude
lower than the skeletal compressibility. Initially, the pore pressure in the circular domain is zero, and at time
t = 0, the boundary of the circular region is subjected to a pressure pulse. The pore pressure diffusion into a
circular region of radius a is governed by the following boundary condition and initial condition:

p(a, t) = p0H(t); ∀t ≥ 0 (5)

p(r, 0) = 0; 0 ≤ r ≤ a (6)

where H(t) is the Heaviside step function of time. In addition, the pore pressures with the region should
be finite at all times. The pore pressure diffusion problem can be solved either in relation to the analogous
heat conduction problem (Carslaw and Jaeger [39]) or the chemical diffusion problem. Avoiding details, the
solution to the pressure development in the circular porous region can be obtained [38] as

p(r, t) = p0

⎛
⎝1 − 2

∞∑
n=1,2,

exp
(−k2nα

2t
)
J0(knr)

[kna J1(kna)]

⎞
⎠ (7)

where J0 and J1 are, respectively, zeroth-order and first-order Bessel functions of the first kind and kn are the
roots of the characteristic equation

J0(ka) = 0 (8)

We can focus attention on the development of pore fluid pressures at the centre of the circular region, which
is given by

p(0, t) = p0

⎛
⎝1 − 2

∞∑
n=1,2,

exp
(−k2nα

2t
)

[kna J1(kna)]

⎞
⎠ (9)

Considering typical values applicable to the low permeability Cobourg Limestone and the experimental con-
figuration:

K = 10−23 m2; CD = 4 × 10−11 (Pa)−1; C f = 4.35 × 10−10 (Pa)−1

n = 0.006; a = 0.075 m; η f = 0.001 Pa s
(10)

we can evaluate (9) to ascertain the time–dependent rise in the pore fluid pressure at the centre of the circular
region; for the experimental configuration indicated by (10), it will take approximately 167 days for the pore
water pressure at the centre of the circular region to reach 95% of the pressure applied at the boundary.
This value will vary with the permeability of the medium; an increase of K to 10−22 m2 will require about
17 days to attain the 95% value. More time will be needed to reach saturation if the pore space contains
undissolved air, which can increase the effective fluid compressibility. The problem can also be examined
using a Biot [2] poroelasticity formulation but the results are particularly sensitive to the fluid compressibility.
For example, computational results using the ABAQUS code indicate that if the fluid compressibility is an
order of magnitude larger (i.e. C f = 4.35 × 10−9 (Pa)−1), the time required for the pressure at the centre
to attain 95% of the boundary pressure is approximately 178 days. Similarly, if the fluid compressibility
is C f = 4.35 × 10−8 (Pa)−1, the time required for the pressure at the centre to reach 95% of the boundary
pressure is approximately 1112 days. This places a restriction on the reliability of the conventional approach for
estimating KS through the pressurization of a fully saturated sample of a low permeability rock. Furthermore,
the laboratory techniques used to saturate a low permeability rock cannot guarantee complete saturation of all
the accessible pore space. (In a field setting, however, geological time, stress states and fluid supply can result
is saturated conditions, despite the low permeability characteristics of the rock.) Furthermore, if pressures are
applied to induce saturation, sufficient time should elapse for dissipation of residual pressures that can influence
the subsequent deformation response of the rock [40]. For this reason, alternative procedures developed for
the study of multi-phasic elastic materials should be used to develop an estimate for KS .
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The elasticity properties of multi-phasic materials can be determined using a range of theoretical estimates
that have been developed in the literature (Voigt [41]; Reuss [42]; Hill [43,44]; Hashin and Shtrikman [45])
and accounts of advances in this area are given, among others, by Hashin [46], Walpole [47], Hale [48],
Christensen [49], Francfort and Murat [50], Sisodia and Verma [51], Ju and Chen [52,53], Nemat-Nasser and
Hori [54], Torquato et al. [55], Lin and Ju [56], Suvorov and Selvadurai [57]. The volumes by Avseth et al. [58]
andMavko et al. [59] present compilations of applications of these developments to the study of rock properties.
While the models available have wide ranging applications, the simplest estimates that have found applications
to the study of effective elasticity properties of rocks relate to the bounds for the bulk moduli developed by
Hashin and Shtrikman [45]. The procedure adopted here will regard the lighter grey nodular component of
the Cobourg Limestone as one phase (subscript ( )LR) and the darker grey argillaceous partings as a second
phase (subscript ( )DR). It is also noted that the lighter and darker regions are themselves composed of several
mineral phases, consisting of calcite, dolomite, quartz, clay and voids of varying proportions. Therefore, in
order the determine the effective bulk moduli of the solid phase of the Cobourg Limestone, it is necessary to
determine the bulk moduli of both the lighter and darker phases of the Cobourg Limestone, which entails the
use of a theory capable of estimating the effective bulk modulus of a multi-phasic elastic material composed of
four separate solid phases. To the author’s knowledge, there are no known theoretical formulations that can be
used to assess the effective compressibilities of a four-component multi-phasic material, other than the basic
estimates of Voigt and Reuss. The work of Hill [43] suggests a simpler algebraic average as an estimate that
can be used to narrow down the wide range that can be encountered when using the Voigt and Reuss estimates
separately.

The Voigt–Reuss–Hill estimate for the lighter grey [( )LR] and the darker argillaceous [( )DR] phases can
be written as

(KS)I = 1

2

⎧⎨
⎩

n∑
i

Vi (KS)i +
(

n∑
i

Vi
(KS)i

)−1
⎫⎬
⎭ ; I = LR,DR; i = Calc, Dolm, Qrtz, Clay, Voids (11)

and Vi are the separate volume fractions. We further postulate that the Voigt–Reuss–Hill estimate for the shear
modulus of the lighter grey [( )LR] and the darker argillaceous [( )DR] phases can be written as

(GS)I = 1

2

⎧⎨
⎩

n∑
i

Vi (GS)i +
(

n∑
i

Vi
(GS)i

)−1
⎫⎬
⎭ ; I = LR,DR; i = Calc, Dolm, Qrtz, Clay, Voids (12)

These estimates can now be used, in conjunction with the bounds developed by Hashin and Shtrikman [45], to
estimate the upper and lower composite bulk moduli for KS of the solid material of the Cobourg Limestone.
Since the lighter phase has a higher fraction of dolomite, it is likely to yield the lower bound estimate. Assuming
that the darker argillaceous phase, [( )DR], with higher percentages of dolomite and quartz, yields the upper
bound estimate, the lower and upper bounds for the effective compressibility of the solid material of the
Cobourg Limestone, denoted respectively by (KS)L and (KS)U , can be obtained from the results

(KS)L = (KS)LR + VDR
1

(KS)DR−(KS)LR
+

(
3(1−VDR)

3(KS)LR+4(GS)LR

) (13)

and

(KS)U = (KS)DR + 1 − VDR
1

(KS)LR−(KS)DR
+

(
3VDR

3(KS)DR+4(GS)DR

) (14)

These bounds converge to the proper limits as VDR → 1 and VDR → 0. For purposes of future reference, the
upper and lower bounds for the shear modulus of the solid phase in the Cobourg Limestone can be estimated
from the expressions

(GS)L = (GS)LR + VDR
1

(GS)DR−(GS)LR
+

(
6(1−VDR)[(KS)LR+2(GS)LR]
5(GS)LR[3(KS)LR+4(GS)LR]

) (15)

and

(GS)U = (GS)DR + 1 − VDR
1

(GS)LR−(GS)DR
+

(
6VDR[(KS)DR+2(GS)DR]

5(GS)DR[3(KS)DR+4(GS)DR]
) , (16)

respectively.
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5 Numerical results

Typical triaxial test results from the large diameter Cobourg Limestone specimen are shown in Fig. 7. The
initial linear elastic response, indicated by the slope AB, can be used to estimate the skeletal bulk modulus
KD . Assuming isotropic elastic behaviour of the skeletal response, the skeletal elastic bulk modulus can be
obtained from

KD = (σzz)
B − (σzz)

A

3
[
(εzz)B − (εzz)A

] (17)

Similarly, considering the isotropic elastic behaviour of the Cobourg during application of both cell pressure
and deviatoric stress, indicated by BC in Fig. 7, the skeletal elastic modulus ED can be obtained from

ED = (σzz)
C

[
(σrr )

B + (σθθ )
B
] − (σzz)

B
[
(σrr )

C + (σθθ )
C
]

(εzz)C
[
(σrr )B + (σθθ )B

] − (εzz)B
[
(σrr )C + (σθθ )C

] (18)

Noting that (i) at the stress state B, (σrr )B = (σθθ )
B = (σzz)

B = 15 MPa, (εzz)A ≈ 0.00018, and (εzz)
B ≈

0.0004, and (ii) at the stress state C , (σrr )C = (σθθ )
C = 15 MPa, (σzz)C = 30 MPa and (εzz)

C ≈ 0.00084,
we obtain

KD ≈ 22.73 GPa; ED ≈ 34.09 GPa; νD ≈ 0.25; GD ≈ 13.63 GPa (19)

From (11) and (12) and the properties of the constituent phases, we obtain

(KS)LR ≈ 71.63 GPa; (GS)LR ≈ 33.22 GPa
(KS)DR ≈ 61.79 GPa; (GS)DR ≈ 34.40 GPa

which can be used in (13) and (14), with VDR ∈ (0.36, 0.53) to arrive at upper and lower bound estimates for the
compressibility of the solid phase of the Cobourg Limestone. Considering the lower estimate for VDR = 0.36,
we obtain

67.88 GPa ≤ (KS) ≤ 67.89 GPa (20)

For the upper estimate of VDR = 0.53, we obtain

66.00 GPa ≤ (KS) ≤ 66.20 GPa (21)

The estimated bounds for KS do not display a strong dependency in the range of volume fractions assigned
for VDR. For subsequent estimations of the Biot coefficient, we assume that

66.00 GPa ≤ (KS) ≤ 67.89 GPa. (22)

Using (2), (19) and (22), the bounds for the Biot coefficient are obtained as

0.655 ≤ α ≤ 0.665 (23)

These values compare very favourably with the value of α ≈ 0.70 used in a previous investigation (Selvadurai
and Najari [9]) of thermo-poroelastic phenomena associated with a fluid inclusion in the Cobourg Limestone
using a typical value for limestone suggested byWang [33]. Selvadurai andNguyen [8] cite a value of α ≈ 0.60
for intact granite of the Canadian Shield, for which the porosity can be in the region of 0.3% and a permeability
in the range 4.5 × 10−17 m2.

6 Discussion

The partitioning of external stresses between the pore fluid and the porous skeleton of a geomaterial is a
key concept in geomechanics applications. In poroelasticity, the parameters contributing to the partitioning
process include the constitutive properties of all phases of the geomaterial. Alteration of the skeletal properties,
including poroelastic damage [60] and failure of the skeleton [61,62], will be controlled by the partitioning
process.Within the framework of Biot’s [2] poroelasticity theory, the Biot parameter influences the partitioning
process and depends on the compressibility characteristics of the fluid-free porous skeleton (KD) and the
compressibility of the solid material (KS) comprising the porous skeleton. The procedure for estimating
KD is straightforward since pore fluids can be removed by conventional drying techniques. With ultra-low
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permeability geomaterials [K ∈ (10−23, 10−20) m2], unless the pore space is saturated in the in situ state
of sample recovery, and maintained saturated, conventional techniques for measuring KS have limitations.
Testing is further complicated when the low permeability material has a dominant internal fabric requiring
RVEs that can accommodate spatial heterogeneity. With some geomaterials, such as the Cobourg Limestone,
the heterogeneity is visible, whereas with others, like Indiana limestone, the heterogeneity is not immediately
evident but manifests in the assessment of hydraulic properties [63,64]. Cobourg Limestone presents a unique
challenge requiring alternative procedures to estimate KS; the individual volume fractions of the basic minerals
and the respective volume fractions of the lighter and darker phases composing the fabric have to be determined.
For Cobourg Limestone, XRT techniques to characterize the fabric have limitations due to the large test
specimens, high overall density, absence of a density contrast between the lighter and darker phases and
availability of a XRT scanner with sufficient penetrating power. Volume and area fractions therefore have to
be based on dissection of representative specimens. The estimation of the effective solid bulk moduli requires
the use of a composite materials approach, where the individual bulk moduli of the calcite, dolomite, quartz
and clay phases are estimated. Determining these values from fundamental experiments requires discerning
experimentation, and this research uses estimated values from published literature. There is wide variability
in the values for the bulk moduli reported in the literature; the values chosen for the calculations are widely
accepted results. The theoretical basis for estimating KS relies on widely accepted developments in the theory
of multi-phasic elastic materials. Further improvements to these estimates are possible, but in view of the
estimations indicated previously, such refinements are perhaps unwarranted. Finally, the volume fractions for
the geological species identified as the lighter and darker phases need to be determined accurately to estimate
the Biot coefficient. Despite the wide range assigned for the parameter VDR, its influence on the Biot coefficient
is not large. This suggests that, despite the visual heterogeneous appearance and the variability in the volume
fractions of calcite, dolomite, quartz and clay in the lighter and darker phases, the effective bulk compressibility
of the solid material throughout the Cobourg Limestone is relatively constant.

7 Concluding remarks

Assessing the geomechanical properties of Cobourg Limestone is a challenge owing to its observable hetero-
geneity and extremely low permeability. The heterogeneity of the limestone requires relatively large samples
(150 mm diameter) to account for the nodular fabric. This paper focuses on the estimation of the Biot coeffi-
cient, a key factor that controls the partitioning of applied stresses to the pore fluid and skeletal counterparts.
The paper demonstrates that large specimen laboratory experiments are the most appropriate for accurately
determining the skeletal bulk modulus of the Cobourg Limestone. The extremely low permeability of the
Cobourg Limestone places a significant restriction on the use of the conventional full saturation procedure
of a large sample and its subsequent pore fluid pressurization for estimating the compressibility of the solid
phase constituting the porous fabric. A basic assessment of the volume fractions of the constituent miner-
als together with theoretical estimates for effective compressibility for a multi-phasic elastic material can be
adopted to obtain the effective compressibility of the solid phase. This approach, combined with estimates for
the compressibility of the minerals given in the literature, can be used to estimate the Biot coefficient for the
heterogeneous, low permeability Cobourg Limestone. The approach can be further improved if XRT images
of the lighter grey and darker regions of the limestone can be accurately produced. The paper relies on the
theoretical concepts embodied in the Voigt–Reuss–Hill estimate and theHashin–Shtrikman estimates to derive
the Biot coefficient. Other theoretical approaches can be employed to estimate the compressibility of the solid
material, but these require further theoretical and experimental research. Here, analytical approaches provide
estimates of the solid phase compressibility of the heterogeneous limestone, giving a set of bounds for the Biot
coefficient of the Cobourg Limestone that is consistent with the single value reported in the literature. The
important contribution of the paper is the presentation of a general methodology that is suitable for estimating
geomechanical properties of other complex geomaterials that are controlled by spatial heterogeneity at the
sample scale and where saturation of the sample for the estimation of KS is not feasible due to extremely low
permeabilities.
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