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Summary

The paper examines the axisymmetric problem of the indentation of a

poroelastic halfspace that is reinforced with an inextensible permeable/

impermeable membrane located at a finite depth by a rigid indenter. The con-

stitutive behavior of the poroelastic halfspace is described by the three-

dimensional theory of poroelasticity proposed by M.A. Biot. The contact condi-

tions between the indenter and the poroelastic halfspace are varied to accom-

modate both adhesive/frictionless contact and impermeable/permeable

conditions. The formulation of the mixed boundary value problems uses the

stress function approaches applicable to semi-infinite domains. Successive

applications of Laplace and Hankel integral transforms are used to reduce the

mixed boundary value problems to sets of coupled Fredholm integral equa-

tions of the second kind. These integral equations are solved using numerical

approaches, applicable both for the solution of the systems of coupled equa-

tions and for Laplace transform inversion, to examine the time-dependent dis-

placement of the rigid indenter. The analytical-numerical estimates for the

time-dependent displacements of the rigid indenter are compared with results

obtained using a finite element approach.
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1 | INTRODUCTION

The concept of reinforcing earth materials with fibrous materials dates back to pre-historic times; many civilizations
identified the merits of such reinforcing action and used the concept in the construction of dwellings and fortifications.
The study of the historical evidence of the topic is a discipline by itself, and we make no attempt to give a comprehen-
sive historical perspective of the use of such techniques.1,2 Modern soil reinforcement with membranes, geogrids, and
other inextensible structural elements dates back to the work of many engineers, including Henry Vidal,3 and the
procedures are extensively used in civil engineering construction of earth retaining walls, enhancement of load
carrying capacity of foundations, restraint against pipeline uplift, stabilization of slopes, and so forth. References to
these applications are given by Binquet and Lee,4,5 Basset and Last,6 Ingold,7 Jones,8 Koerner,9 Selvadurai and
Gnanendran,10 Bathurst et al.,11 Selvadurai,12 Rowe and Gnanendran,13 Rajagopal et al.,14 Gnanendran and
Selvadurai,15 Kolathayar et al.,16 and others. As is evident, the great majority of investigations and applications in this
area focus on the reinforcement of granular materials and how the procedure enhances the strength and load carrying
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capacity of foundations located on the reinforced granular soil. In such situations, the granular material is usually a soil
region constructed from selected materials. There are other instances where the soil reinforcement needs to be achieved
using in situ soils, in which case the soil types can include low permeability materials that exhibit consolidation effects.
Procedures such as preloading the site can be used to enhance the deformability properties of the reinforced soil, which
can result in a reinforced soil profile that can be modeled as a poroelastic domain. The reinforcement can be either
discrete or continuous and can be positioned at locations that can minimize the settlement of foundations constructed
on the reinforced earth mass. The mathematical treatment of an elastic medium that is continuously reinforced by
layers of inextensible reinforcing elements dates back to the classical study by Westergaard.17 Further developments of
the topic involving fiber-reinforced continua were documented by Adkins and Rivlin18 (see also Spencer19,20). The prob-
lem of the axisymmetric Boussinesq-type surface indentation (see, e.g., Boussinesq,21 Harding and Sneddon,22 Lur'e,23

Timoshenko and Goodier,24 Selvadurai,25 Gladwell,26 Johnson,27 Davis and Selvadurai,28 Aleynikov,29 Kachanov
et al.,30 Barber,31 and others) of an isotropic elastic halfspace containing an inextensible membrane at a finite depth
was first examined by Selvadurai.32 The equations governing the mixed boundary value problem were reduced to a sin-
gle Fredholm integral equation of the second kind that was solved using a discretization scheme. It showed that the
position of the inextensible reinforcement has an influence on the elastic stiffness of the rigid indenter, and the opti-
mum location depends on the Poisson's ratio of the elastic medium (the phrase elastic stiffness of the rigid indenter
merely refers to the rigid displacement the indenter can experience under the action of an external load, due to the
compliance of the elastic domain.). Also, in the case of the incompressible elastic medium (i.e., the undrained case of a
fluid-saturated poroelastic medium), the optimum depth of the reinforcing inextensible membrane is approximately
equal to the radius of the indenter. In this paper, we extend the problem examined by Selvadurai32 to the case of a
fluid-saturated porous elastic medium that can be described by the classical Biot33,34 theory of poroelasticity adopted by
McNamee and Gibson35,36 (see also Yue and Selvadurai,37 Zeng and Rajapakse,38 Selvadurai,39 Cheng,40 and Selvadurai
and Suvorov41), to examine the three-dimensional consolidation behavior of soils, where the effective stress relationship
is that proposed by Terzaghi.42 The one-dimensional theory of consolidation is a special case of the generalized theory
of poroelasticity proposed by Biot,33,34 and in the particular instance when the grain compressibility of the porous
medium is much smaller than the compressibility of the porous skeleton, the theory of Terzaghi can be recovered as a
special case of Biot's theory. The Biot coefficient in this case is unity, and the topic of the estimation of the Biot
coefficient for geomaterials with nonzero values of the compressibility of the solid material and nonlinear properties of
the skeletal deformability characteristics have received recent attention.43–45

Contact problems related to the indentation of a fluid-saturated halfspace region are of particular significance to
geomechanics. When a saturated halfspace is indented, excess pore pressure develops within the entire medium and
dissipates with time. With poroelasticity, it is necessary to consider pore fluid pressure boundary conditions in the
mathematical development of the problem, in addition to the displacement and traction boundary conditions relevant
to the contact problem. Biot's theory of poroelasticity33,34 has provided an a priori conceptual framework to solve many
problems of practical interest to fluid saturated geomaterials (see also Selvadurai39 and Cheng40). Extensive research
has been carried out on the solution of the initial mixed boundary value problems associated with indentation of a
poroelastic halfspace region (Selvadurai,39 Heinrich and Desoyer,46 Agbezuge and Deresiewicz,47,48 Chiarella and
Booker,49 Gaszynski and Szefer,50 Booker and Small,51 Yue and Selvadurai,37,52 Selvadurai and Yue,53 Lan and
Selvadurai,54 Kim and Selvadurai,55 and Liu and Huang56). Further references can be found in Selvadurai and Samea.57

In these studies, in general, three types of drainage boundary condition are considered for the surface of the halfspace
region: (i) an entirely permeable surface, (ii) an entirely impermeable surface, and (iii) a mixed case with an imperme-
able contact region and a fully drained exterior surface. In most developments of the contact problem, the region is
assumed to be frictionless. This assumption is physically inconsistent when an impermeable boundary condition is
imposed on the contact region. Selvadurai and Samea57 have recently presented a solution to the axisymmetric indenta-
tion of a poroelastic halfspace with adhesive contact. In their formulation, a zero in-plane displacement is specified on
the contact region but the surface drainage condition is assumed to be either (i) entirely permeable, or (ii) entirely
impermeable, or (iii) partially permeable, implying an impermeable boundary condition on the contact region and the
drainage condition in the exterior surface. The poroelastic contact problem reduces to the classical elasticity solutions
for the undrained condition as t ! 0 when the consolidation effects are absent and the material is incompressible
(ν = 1/2) and as t ! ∞ when the excess pore pressure is fully dissipated and the Poisson's ratio corresponds to the
skeletal Poisson's ratio.

Many of the studies conducted on the mechanics of inclusions and reinforcing layers embedded within deformable
solids were motivated by their potential to solve problems of practical interest in geomechanics. Due to the complexity
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of the mathematical formulations, only very few attempts have been made to study these problems using Biot's theory
of poroelasticity. Small and Booker58 solved the axisymmetric problem related to a poroelastic infinite region indented
by a circular rigid anchor subjected to a constant axial load, applying the Hankel and Laplace transformation. Due to
the symmetry of the problem, the same three sets of pore pressure boundary conditions were applied on the axis of
symmetry where the inclusion was placed. Yue and Selvadurai37 used a Fourier-Hankel-Laplace transform technique to
study the time-dependent behavior of a rigid circular disc inclusion in a poroelastic medium subjected to generalized
displacements. The resulting coupled integral equations are then reduced to a set of simultaneous Fredholm integral
equations of the second kind for different cases involving pore pressure boundary conditions, namely, permeable
or impermeable interface conditions. Of related interest is the solution to a vertically loaded circular elastic plate
embedded within a multi-layered poroelastic halfspace region examined by Senjuntichai and Sapsathiarn.59 The plate is
modeled by the classical Poisson-Kirchhoff-Germain thin plate theory, and at the plate, the pore pressure boundary
condition is considered to be either permeable or impermeable. The objective of the present study is to examine the
effect of inextensibility of the reinforcing membrane within a poroelastic halfspace region when the outer boundary of
the medium is indented by a rigid circular disc in the axial direction. The developments also address (i) adhesive
displacements at the contact between the poroelastic halfspace and the rigid indenter, (ii) the pore fluid pressure
boundary conditions at the base of the indenter, and (iii) pore fluid pressure boundary conditions at the plane of the
inextensible membrane. The boundary condition (iii) is indicative of geosynthetic reinforcing elements that provide
only tensile resistance or provide a combined reinforcement and barrier/drainage arrangement by imposing
impervious/zero-pore fluid pressures boundary conditions at the reinforcement level.60–62 It is recognized that the
inextensibility constraint is a highly idealized approximation to reinforcing elements that have finite flexibility;
nonetheless, it provides a useful benchmark problem for examining the validity of computational approaches.

2 | GOVERNING EQUATIONS

The coupled governing partial differential equations of the theory poroelasticity are given in several references
(Selvadurai,25 McNamee and Gibson,35,36 Yue and Selvadurai,37 and Cheng40). In this section, we restrict attention to
axial symmetry defined by cylindrical polar coordinates (r,z), with the dependent variables being the pore fluid pressure
p(r,z,t), and the skeletal displacements ur(r,z,t) and uz(r,z,t) in the radial and axial directions, respectively. The
governing partial differential equations can be written as

r2−
1
r2

� �
ur− 2η−1ð Þ∂Θ

∂r
=

1
G
∂p
∂r

, ð1Þ

r2uz− 2η−1ð Þ∂Θ
∂z

=
1
G
∂p
∂z

, ð2Þ

∂Θ
∂t

= cr2Θ, ð3Þ

where

η=
1−νð Þ
1−2νð Þ ; c=

2Gηk
γw

, ð4Þ

and Θ(=∂ur/∂r+ur/r+∂uz/∂z) is the volumetric strain and r2 is the axisymmetric form of Laplace's operator given by

r2 =
∂2

∂r2
+
1
r
∂

∂r
+

∂2

∂z2
: ð5Þ

In these equations, ν is the Poisson's ratio of the soil skeleton, G (units Force/Length2) is the linear elastic shear
modulus, k (units Length/Time) is the coefficient of permeability, and γw (units Force/Length3) is the unit weight of
water. Certain thermodynamic constraints have to be met to ensure the positive definiteness of the strain energy
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potential. These constraints can be stated asG > 0; − 1 > ν ≥ 0.5. Equivalent accounts of these constraints are given by
Cheng40 and Wang,63 and further references are given in Selvadurai25,39 and Selvadurai and Suvorov.41

3 | FORMULATION OF THE PROBLEMS

Consider the problem of a flat-ended rigid circular disc of radius a indenting a semi-infinite poroelastic medium
containing an inextensible membrane of infinite extent located at a finite depth of h below the surface of the halfspace
(Figure 1). The rigid indenter is subjected to an axial load P0Η(t), where Η(t) is the Heaviside step function of time.
The imposed axial symmetry implies that the indenter undergoes a time-dependent axial displacement. The origin of
the coordinates is located at the center of the indenter. Hence, it is more convenient to view the physical domain of the
problem as being composed of Region 1 occupying r 2 (0,∞); z 2 (0,h) and Region 2 occupying r 2 (0,∞); z 2 (h,∞) as
shown in Figure 1.

The contact region of the rigid indenter is considered to be either in frictionless or in bonded contact with the
poroelastic halfspace, thereby prescribing, respectively, zero shear stress or zero in-plane displacement within the
contact zone. The mixed boundary conditions applicable to the surface of the halfspace at z = 0 with frictionless contact
over the entire halfspace can be written as

σ 1ð Þ
rz r,0, tð Þ=0 0≤ r<∞; t>0, ð6Þ

u 1ð Þ
z r,0, tð Þ=Δ tð Þ 0≤ r ≤ a; t>0, ð7Þ

σ 1ð Þ
zz r,0, tð Þ=0 a< r<∞; t>0: ð8Þ

When the indenter exhibits adhesive contact, the adhesion assumption entails the following boundary conditions on
the surface of the halfspace at z = 0:

u 1ð Þ
z r,0, tð Þ=Δ tð Þ 0≤ r ≤ a; t>0, ð9Þ

σ 1ð Þ
zz r,0, tð Þ=0 a< r<∞; t>0, ð10Þ

u 1ð Þ
r r,0, tð Þ=0 0≤ r ≤ a; t>0, ð11Þ

FIGURE 1 Indentation of a reinforced poroelastic halfspace

region by a rigid circular indenter
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σ 1ð Þ
rz r,0, tð Þ=0 a≤ r≤∞; t>0: ð12Þ

It is also necessary to prescribe drainage boundary conditions on the surface of the poroelastic halfspace, both
within and exterior to the contact zone. Here, we assume that the hydraulic potential that causes flow in the poroelastic
domain is only the pressure potential, implying that the datume potential and the velocity potential can be neglected.
The formulation of the problem will be complete by considering one of the following three cases of surface drainage
boundary conditions in terms of either the pore fluid pressure or the pore fluid pressure gradient or a combination.

Case I This case implies that the rigid indenter is porous, and the pore fluid pressure is zero on the entire surface of the
halfspace. Hence,

p 1ð Þ r,0, tð Þ=0 0≤ r<∞; t>0: ð13Þ

Case II In the second case, the entire surface of the halfspace is considered to be impervious; that is,

∂

∂z
p 1ð Þ r,0, tð Þ=0 0≤ r<∞; t>0: ð14Þ

This is an idealized case for the situation where either the surface of the halfspace is impermeable or it contains an
impermeable membrane that prevents pore fluid pressure dissipation.

Case III In this case, the interface between the rigid indenter and the poroelastic halfspace is considered to be
impermeable, but the region exterior to it is pervious; that is,

∂

∂z
p 1ð Þ r,0, tð Þ=0 0≤ r< a; t>0, ð15Þ

p 1ð Þ r,0, tð Þ=0 a≤ r<∞; t>0: ð16Þ

In addition to these boundary conditions, if the membrane offers no resistance to flow (pervious membrane), the
following continuity conditions should be satisfied on the plane of the inextensible membrane at z = h:

u 1ð Þ
r r,h, tð Þ=0 0≤ r<∞; t>0, ð17Þ

u 2ð Þ
r r,h, tð Þ=0 0≤ r<∞; t>0, ð18Þ

u 1ð Þ
z r,h, tð Þ= u 2ð Þ

z r,h, tð Þ 0≤ r<∞; t>0, ð19Þ

σ 1ð Þ
zz r,h, tð Þ= σ 2ð Þ

zz r,h, tð Þ 0≤ r<∞; t>0, ð20Þ

p 1ð Þ r,h, tð Þ= p 2ð Þ r,h, tð Þ 0≤ r<∞; t>0, ð21Þ

∂

∂z
p 1ð Þ r,h, tð Þ= ∂

∂z
p 2ð Þ r,h, tð Þ 0≤ r<∞; t>0: ð22Þ
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In addition, the boundary and continuity conditions should also be supplemented by the regularity conditions
applicable to the poroelastic halfspace region

lim
∣x∣!∞

σ ið Þ x, tð Þ,u ið Þ x, tð Þ,p ið Þ x, tð Þ
n o

=0; i=1,2: ð23Þ

For completeness of the formulation of the initial mixed boundary value problems, the following initial conditions
are specified:

σ ið Þ x, 0ð Þ,u ið Þ x, 0ð Þ,p ið Þ x, 0ð Þ
n o

=0; i=1,2: ð24Þ

When the membrane is intended for a combined function of reinforcement and drainage (drainage membrane) as
in a hybrid geosystem made of a nonwoven drainage geotextile together with geogrid reinforcement,61 the interface
conditions 21 and 22 should be replaced by the following relations:

p 1ð Þ r,h, tð Þ= p 2ð Þ r,h, tð Þ=0 0≤ r<∞; t>0: ð25Þ

Also, if the membrane is intended for a combined function of reinforcement and a barrier to liquid migration
(impervious membrane) as in the case of geosynthetic-geomembrane systems used in landfill liners, covered systems,
and retaining structures,60–62 the conditions 21 and 22 should be replaced by the following:

∂

∂z
p 1ð Þ r,h, tð Þ= ∂

∂z
p 2ð Þ r,h, tð Þ=0 0≤ r<∞; t>0: ð26Þ

4 | SOLUTION OF THE GOVERNING EQUATIONS

The solution to mixed boundary value problems in poroelasticity can be approached in several ways. Readers are
referred to Cheng40 for a comprehensive account of these methods. Following McNamee and Gibson,36 the solution to
the governing partial differential equations 1–3 can be approached by introducing two scalar functions E(r,z,t) and
S(r,z,t) that satisfy the following partial differential equations:

r2S r,z, tð Þ=0, ð27Þ

cr4E r,z, tð Þ−r2 ∂

∂t
E r,z, tð Þ=0: ð28Þ

In terms of these functions, the components of the displacement vector, stress tensor and the pore fluid pressure
can be represented as

uz = −
∂E
∂z

+ z
∂S
∂z

−S; ur = −
∂E
∂r

+ z
∂S
∂r

: ð29Þ

σzz
2G

=
∂2

∂z2
−r2

� �
E−z

∂2S
∂z2

+
∂S
∂z

;
σrz
2G

=
∂2E
∂r∂z

−z
∂2S
∂r∂z

: ð30Þ

σrr
2G

=
∂2

∂r2
−r2

� �
E−z

∂2S
∂r2

+
∂S
∂z

: ð31Þ
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p=2G
∂S
∂z

−ηΘ
� �

; Θ=r2E: ð32Þ

The accuracy of the representations given in 29–32 can be verified by back-substitution in the governing partial
differential equations 1–3.

Solution to initial mixed boundary value problems in poroelasticity can be carried out by the use of integral
transform techniques. The following representations for Laplace and Hankel transforms are used to eliminate the
dependency of the formulation on time t and the radial coordinate r; that is,

�F ξ,z, tð Þ=
ð∞
0
rJ0 ξrð ÞF r,z, tð Þdr, ð33Þ

F̂ r,z,sð Þ= 1
2πi

ð∞
0
e−stF r,z, tð Þdt: ð34Þ

In these expressions, ξ is the Hankel transform parameter; s is the Laplace transform parameter; J0 is the zeroth
order Bessel function of the first kind; �ð Þ denotes the Hankel transform, and ^ð Þ denotes the Laplace transform of a
particular function. By successive use of these two integral transforms, the governing PDEs of poroelasticity given in 27
and 28 can be reduced to the following ODEs in terms of the transformed variables �̂S ξ,z,sð Þ and �̂E ξ,z,sð Þ

d2

dz2
−ξ2

� �
�̂S ξ,z,sð Þ=0, ð35Þ

d2

dz2
−ξ2

� �
d2

dz2
− ξ2 +

s
c

h i� �
�̂E ξ,z,sð Þ=0: ð36Þ

Ensuring that the regularity conditions 23 are satisfied, the solution to the ordinary differential equations 33 and 34
for regions 1 and 2 can be given as

�̂S
1ð Þ

ξ,z,sð Þ=A 1ð Þ
1 e−ξz +B 1ð Þ

1 eξz, ð37Þ

�̂E
1ð Þ

ξ,z,sð Þ=A 1ð Þ
2 e−ξz +A 1ð Þ

3 e−φz +B 1ð Þ
2 eξz +B 1ð Þ

3 eφz, ð38Þ

�̂S
2ð Þ

ξ,z,sð Þ=A 2ð Þ
1 e−ξz, ð39Þ

�̂E
2ð Þ

ξ,z,sð Þ=A 2ð Þ
2 e−ξz +A 2ð Þ

3 e−φz: ð40Þ

In these relations, A 1ð Þ
1 ,B 1ð Þ

1 ,…,A 2ð Þ
2 ,A 2ð Þ

3 are unknown functions to be determined from boundary conditions 6–22
and φ is defined by the following expression:

φ=

ffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 +

s
c

r
: ð41Þ

4.1 | Solution of the initial mixed boundary value problem

We consider the frictionless and adhesive contact assumptions separately, and for each case, the pore fluid pressure
boundary condition was given in Section 3. These three cases are governed by the pore fluid pressure that exists within
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the contact region or region exterior to it. In this section, we assume that the membrane offers no resistance to the
fluid flow.

Using the boundary conditions 6–8 and 13–22 in the expressions for the displacements, stresses, and the expression
for the pore fluid pressure given by 29–32, the equations corresponding to frictionless assumption can be obtained.
These equations lead to the following system of dual integral equations for Cases I and II

ð∞
0

�̂ϑ
ið Þ
11 + 1

� �
�̂N1 ξ,sð ÞJ0 ξrð Þdξ= δ 0≤ r< a; t>0; i= I,II: ð42Þ

ð∞
0
ξ �̂N1 ξ,sð ÞJ0 ξrð Þdξ=0 a≤ r<∞; t>0: ð43Þ

For Case III,

ð∞
0

2η �̂ϑ
IIIð Þ
11 + 1

� �
�̂N1 ξ,sð Þ− �̂ϑ

IIIð Þ
12 + 1

� �
�̂N2ðξ,sÞ

� �
J0 ξrð Þdξ=2ηδ 0≤ r< a; t>0, ð44Þ

ð∞
0
ξ �̂N1 ξ,sð ÞJ0 ξrð Þdξ=0 a≤ r<∞; t>0, ð45Þ

ð∞
0
ξ2 �̂ϑ

IIIð Þ
11 + 1

� �
�̂N1 ξ,sð Þ− �̂ϑ

IIIð Þ
12 + 1

� �
�̂N2ðξ,sÞ

� �
J0 ξrð Þdξ=0 0≤ r< a; t>0, ð46Þ

ð∞
0
ξ �̂N2 ξ,sð ÞJ0 ξrð Þdξ=0 a≤ r<∞; t>0, ð47Þ

where

δ= −
G 1−2ηð Þ

η
Δ: ð48Þ

Similarly, for the case of adhesive contact, the dual integral equations can be obtained by incorporating the
boundary conditions 9–22 in the relations for the displacements, stresses, and pore fluid pressure given in 29–32. These
equations for Cases I and II are given as

ð∞
0

2η �̂ϑ
ið Þ
11 + 1

� �
�̂N1 ξ,sð Þ− �̂ϑ

ið Þ
13 + 1

� �
�̂N3ðξ,sÞ

� �
J0 ξrð Þdξ=2ηδ

0≤ r< a; t>0; i= Ι, ΙΙ,
ð49Þ

ð∞
0
ξ �̂N1 ξ,sð ÞJ0 ξrð Þdξ=0 a≤ r<∞; t>0, ð50Þ

ð∞
0

�̂ϑ
ið Þ
31 + 1

� �
�̂N1 ξ,sð Þ−2η �̂ϑ

ið Þ
33 + 1

� �
�̂N3ðξ,sÞ

� �
J1 ξrð Þdξ=0

0≤ r< a; t>0; i= Ι, ΙΙ,
ð51Þ

ð∞
0
ξ �̂N3 ξ,sð ÞJ1 ξrð Þdξ=0 a≤ r<∞; t>0, ð52Þ

and for Case III, the relevant expressions are
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ð∞
0

2η �̂ϑ
ΙΙΙð Þ
11 + 1

� �
�̂N1 ξ,sð Þ− �̂ϑ

ΙΙΙð Þ
12 + 1

� �
�̂N2ðξ,sÞ

�
− �̂ϑ

ΙΙΙð Þ
13 + 1

� �
�̂N3 ξ,sð Þ

�
J0 ξrð Þdξ=2ηδ

0≤ r< a; t>0,
ð53Þ

ð∞
0
ξ �̂N1 ξ,sð ÞJ0 ξrð Þdξ=0 a≤ r<∞; t>0, ð54Þ

ð∞
0
ξ2 �̂ϑ

ΙΙΙð Þ
21

�̂N1 ξ,sð Þ+ �̂ϑ
ΙΙΙð Þ
22 + 1

� �
�̂N2ðξ,sÞ

�
+ �̂ϑ

ΙΙΙð Þ
23

�̂N3 ξ,sð Þ
�
J0 ξrð Þdξ=0

0≤ r< a; t>0,
ð55Þ

ð∞
0
ξ �̂N2 ξ,sð ÞJ0 ξrð Þdξ=0 a≤ r<∞; t>0, ð56Þ

ð∞
0

�̂ϑ
ΙΙΙð Þ
31 + 1

� �
�̂N1 ξ,sð Þ− �̂ϑ

ΙΙΙð Þ
12 + 1

� �
�̂N2ðξ,sÞ

�
−2η �̂ϑ

ΙΙΙð Þ
13 + 1

� �
�̂N3 ξ,sð Þ

�
J0 ξrð Þdξ=0

0≤ r< a; t>0:
ð57Þ

ð∞
0
ξ �̂N3 ξ,sð ÞJ0 ξrð Þdξ=0 a≤ r<∞; t>0: ð58Þ

We now assume that �̂Nj, j=1,2,3 and admit the finite Fourier transform representations (see, e.g., Sneddon64)

�̂N1 ξ,sð Þ=
ða

0

ϕ̂1 ρ,sð Þcos ξρð Þdρ, ð59Þ

�̂N2 ξ,sð Þ=
ða

0

ϕ̂2 ρ,sð Þsin ξρð Þdρ, ð60Þ

�̂N3 ξ,sð Þ= 1
ξ

ða

0

ϕ̂3 ρ,sð Þsin ξρð Þdρ, ð61Þ

where ϕ̂j ρ,sð Þ, j=1,2,3 are unknown functions that should satisfy the following conditions:

lim
u!0

ϕ̂1 u,sð Þ, ϕ̂2 u,sð Þ, ϕ̂3 u,sð Þ� �
=0: ð62Þ

The coupled systems of dual integral equations 42–47 and 49–58 can be further reduced with the aid of the
following identities:

d
dρ

ðρ

0

rJ0 rξð Þffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2−r2

p dr=cos ξρð Þ, ð63Þ

ðρ

0

r J0 rξð Þffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2−r2

p dr=
sin ξρð Þ

ξ
, ð64Þ
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d
dρ

ðρ

0

r2 J1 rξð Þdrffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2−r2

p = ρsin ξρð Þ: ð65Þ

Thus, for the frictionless assumption, the resulting expressions are the Fredholm integral equations of the second
kind in the Laplace transform domain and for the Cases I and II can be written as

ϕ̂1 r,sð Þ+
ða
0
ϕ̂1 ρ,sð ÞΩ̂ ið Þ

11 r,ρ,sð Þdρ=2δ=π 0≤ r< a; i= Ι, ΙΙ: ð66Þ

For Case III, the resulting simultaneous Fredholm integral equations of the second kind take the forms:

ϕ̂1 r,sð Þ+
ða
0
ϕ̂1 ρ,sð ÞΩ̂ ΙΙΙð Þ

11 r,ρ,sð Þdρ+
ða
0
ϕ̂1 ρ,sð ÞΩ̂ ΙΙΙð Þ

12 r,ρ,sð Þdρ=2δ=π; 0≤ r< a, ð67Þ

ða
0
ϕ̂1 ρ,sð ÞΩ̂ ΙΙΙð Þ

21 r,ρ,sð Þdρ+ ϕ̂2 r,sð Þ+
ða
0
ϕ̂2 ρ,sð ÞΩ̂ ΙΙΙð Þ

22 r,ρ,sð Þdρ=0; 0≤ r< a: ð68Þ

Similarly, for the adhesive contact condition, the dual integral equations for Cases I and II given in 49–52 can be
further reduced to

ϕ̂1 r,sð Þ+
ða
0
ϕ̂1 ρ,sð ÞΩ̂ ið Þ

11 r,ρ,sð Þdρ+
ða
0
ϕ̂3 ρ,sð ÞΩ̂ ið Þ

13 r,ρ,sð Þdρ=2δ=π

0≤ r< a; i= Ι,ΙΙ,
ð69Þ

ða
0
ϕ̂1 ρ,sð ÞΩ̂ ið Þ

31 r,ρ,sð Þdρ+ ϕ̂3 r,sð Þ+
ða
0
ϕ̂3 ρ,sð ÞΩ̂ ið Þ

33 r,ρ,sð Þdρ=0

0≤ r< a; i= Ι, ΙΙ:
ð70Þ

The system of integral equations 53–58 for Case III can be written in terms of three simultaneous Fredholm integral
equations of the second kind of the form

ϕ̂1 r,sð Þ+
ða
0
ϕ̂1 ρ,sð ÞΩ̂ ΙΙΙð Þ

11 r,ρ,sð Þdρ+
ða
0
ϕ̂2 ρ,sð ÞΩ̂ ΙΙΙð Þ

12 r,ρ,sð Þdρ

+
ða
0
ϕ̂3 ρ,sð ÞΩ̂ ΙΙΙð Þ

13 r,ρ,sð Þdρ=2δ=π 0≤ r< a,
ð71Þ

ða
0
ϕ̂1 ρ,sð ÞΩ̂ ΙΙΙð Þ

21 r,ρ,sð Þdρ+ ϕ̂2 r,sð Þ+
ða
0
ϕ̂2 ρ,sð ÞΩ̂ ΙΙΙð Þ

22 r,ρ,sð Þdρ

+
ða
0
ϕ̂3 ρ,sð ÞΩ̂ ΙΙΙð Þ

23 r,ρ,sð Þdρ=0 0≤ r< a,
ð72Þ

ða
0
ϕ̂1 ρ,sð ÞΩ̂ ΙΙΙð Þ

31 r,ρ,sð Þdρ+
ða
0
ϕ̂2 ρ,sð ÞΩ̂ ΙΙΙð Þ

32 r,ρ,sð Þdρ+ ϕ̂3 r,sð Þ

+
ða
0
ϕ̂3 ρ,sð ÞΩ̂ ΙΙΙð Þ

33 r,ρ,sð Þdρ=0 0≤ r< a:
ð73Þ

In these equations, Ω̂
kð Þ
ij r,ρ,sð Þ, i, j=1,2,3;k= Ι, ΙΙ, ΙΙΙ are kernel functions. The kernel function for the frictionless

permeable case is given in Appendix A. Following the same steps, the solution for a fully drained inextensible
membrane 25, and an impervious membrane as in geosynthetic-geomembrane systems 26, can be given in terms of
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coupled Fredholm integral equations of the second kind. These equations remain unchanged in form irrespective of the
membrane drainage conditions. The kernel functions for each case is unique and is accessible through the links given
at the end of this article.

For Cases I, II, and III, the axial stiffness of the rigid indenter and the unknown contact stress in the Laplace
transform can be written as

P̂z = −2π s
ða
0
ϕ̂1 ρ,sð Þdρ, ð74Þ

σ̂zz r,0,sð Þ= ϕ̂1 a,sð Þ
a2−r2ð Þ1=2

−
ða
r

d
dρ

ϕ̂1 ρ,sð Þ� � dρffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2−r2

p : ð75Þ

4.2 | Solution of the systems of Fredholm integral equations

Due to the complicated nature of the kernel functions, the general system of integral equations given in 66–68 and
69–73 is unlikely to yield exact closed-form solutions. Therefore, the equations should be solved numerically for the
unknown functions ϕ̂1 r,sð Þ, ϕ̂2 r,sð Þ, and ϕ̂3 r,sð Þ in the Laplace transform domain. Readers are referred to Lan and
Selvadurai54 and Atkinson and Han65 for comprehensive accounts of the methods that can be used to solve such
integral equations. In this regard, the treatment of the integral equations 66–68 and 69–73 involves their reduction to
systems of algebraic equations and solving for the unknown functions ϕ̂1 r,sð Þ, ϕ̂2 r,sð Þ, and ϕ̂3 r,sð Þ in the Laplace
transform domain. These unknowns should subsequently be transformed to the time domain using an appropriate
Laplace transform inversion technique. To achieve the Laplace transform inversion, the interval (0,a] is divided into
N equal subintervals with their end points located at ri = (i − 1)a/N; (i = 1,2,3,…,N+1) and the collocation points
defined at pi = (ri − ri+1)/2; (i = 1,2,3,…,N). The Fredholm integral equations in 66–68 and 69–73 can then be written as
a system of algebraic equations in the form:

XN
i, j=1

Ĥ
ij

h i
P̂
i

n o
= B̂

i
n o

, ð76Þ

where the components of the matrices Ĥ
ij

h i
, P̂

i
n o

, and B̂
i

n o
are defined as

Ĥ
ij
pq

h i
=

δij +
1
N
Ω̂pq ri,rj

� �
; i= j=1,…,N , p= q=1,2,3

1
N
Ω̂pq ri,rj

� �
; i= j=1,…,N , p≠q=1,2,3

1
N
Ω̂pq ri,rj

� �
; i≠j=1,…,N

8>>>>>><
>>>>>>:

ð77Þ

P̂
i

n o
= ϕ̂1 nið Þ, ϕ̂2 nið Þ, ϕ̂3 nið Þ� �T

; i= j=1,…,N , ð78Þ

B̂
i

n o
=

2δ=π; p=1; i=1,2,…,N
0; p=2,3; i=1,2,…,N

�
ð79Þ

in which δij is Kronecker's delta function.
Solutions were found for the Laplace transforms of the unknown functions ϕ̂1 r,sð Þ, ϕ̂2 r,sð Þ, and ϕ̂3 r,sð Þ. To recover

the time-dependent quantities ϕ1(r,t),ϕ2(r,t), and ϕ3(r,t), the transforms should be inverted using an appropriate
numerical Laplace inversion technique. Here, we use the Laplace inversion technique proposed by Schapery.66 Alterna-
tive techniques for inversion of Laplace transforms are given by Cheng et al.67 and Cohen.68

SAMEA AND SELVADURAI 11
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5 | COMPUTATIONAL MODELING

One objective of this study is to calibrate a frequently used computational approach to simulate contact problems in
poroelasticity. Results presented in this paper can be used as a benchmark for testing the validity of the computational
approach. The computational solution to the indentation of a reinforced poroelastic halfspace is obtained using the
finite element-based multi-physics code COMSOL™. Figure 2 shows the boundary conditions used to simulate the
contact problem. A zero-flux boundary condition is imposed at the axis of symmetry of the domain. The outer bound-
aries of the discretized region are chosen sufficiently far from the contact zone, to ensure that the far-field boundary
conditions are enforced (i.e., the discretized region is bounded to r 2 (0,R = 100 a),z 2 (0,H = 100 a)). Within the con-
tact zone and at the reinforcement level, the in-plane displacement is considered to be zero.

The mesh comprises 564 992 triangular axisymmetric elements with three degrees of freedom (DOF) at each node
(the radial and axial displacement and the pore fluid pressure). Mesh refinements were generated at the vicinity of the
contact region to ensure mesh independency of the computational results. Moreover, a parametric sweep was carried
out to study and analyze the effect of the reinforcement depth (h/a) on the time-dependent response of the poroelastic
medium. When considering computational treatments of the incompressible case, the Poisson's ratio is set to ν = 0.495.
The finite element code did not incorporate any infinite elements.

6 | LIMITING CASES

Before proceeding to the treatment of the general problem, it is useful to examine the results for the two limiting cases
of the poroelasticity problems pertaining to the initial (t = 0) and the final (t ! ∞) stages of consolidation settlement of
the rigid indenter. The final stage of the poroelasticity problem corresponds to the solution for a purely elastic reinforced
halfspace, while the initial results reduce to the response of an incompressible elastic reinforced halfspace (ν = 0.5). The
formulation of the Boussinesq indentation of the reinforced elastic halfspace with frictionless contact was developed by
Selvadurai,32 where the problem is reduced to a single Fredholm integral equation of the second kind given by

ϕ1 rð Þ+
ða
0
Ω r,ρð Þϕ1 ρð Þdρ= −

2GΔ
π 1−νð Þ , 0≤ r< a: ð80Þ

FIGURE 2 The geometry of the

domain and the boundary conditions

implemented in the finite element

model for Case III [Colour figure can

be viewed at wileyonlinelibrary.com]
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Similarly, for the adhesive contact assumption, the formulation of the elasticity problem can be given in the form of
the following simultaneous Fredholm integral equations of the second kind:

ϕ1 rð Þ+
ða
0
Ω11 r,ρð Þϕ1 ρ,sð Þdρ+

ða
0
Ω12 r,ρð Þϕ2 ρ,sð Þdρ= −

2GΔ
π 1−νð Þ , 0≤ r< a, ð81Þ

ða
0
Ω21 r,ρð Þϕ1 ρð Þdρ+ϕ2 rð Þ+

ða
0
Ω22 r,ρð Þϕ2 ρð Þdρ=0, 0≤ r< a: ð82Þ

The expressions for the kernel functions Ω(r, ρ) and Ωij(r, ρ); (i,j = 1,2) are given in Appendix B.
The result of primary interest to engineering applications is the axial load-displacement relationship for the indenter

that can be obtained from the result:

P0 + 2π
ða
0
ϕ1 rð Þdr=0: ð83Þ

This can be evaluated by solving the Fredholm integral equations 80 and 81–82 using the quadrature method.65 The
axial stiffness of the rigid circular indenter for both frictionless and adhesive contact assumptions at different embed-
ment depths of the reinforcing layer is illustrated in Figure 3. The results for the frictionless contact presented by
Selvadurai32 are shown in black markers (♦). For both cases, at �h = h=að Þ=0, the maximum and minimum stiffness are
attained when the Poisson's ratio of the halfspace region is equal to ν = 0 and ν = 0.495, respectively. For nearly
incompressible (ν = 0.495), the optimal location for the placement of the inextensible membrane is h ’ a. As expected,
the reinforcing membrane has a diminishing influence as �h increases, thus recovering the axial stiffness of an indenter
on an unreinforced elastic halfspace �h!∞

� �
. Also, the load-displacement response of the rigid indenter in the

adhesive contact is more significant for smaller values of the Poisson's ratios. For incompressible cases, the stiffness for
both cases are similar.

The poroelastic adhesive contact problem involves the study of the eigenvalue problem that will yield the correct
time-dependent variation in the stress singularity (Selvadurai APS. Stress singularities in adhesive contact problems for
poroelastic media. Unpublished manuscript, 1998). At time t = 0, the constitutive equation for the poroelastic medium
corresponds to the undrained case with Poisson's ratio v = 1/2 and the order of the stress singularity is the conventional
inverse square root value and the analytical results accommodate this limit. As t ! ∞, the poroelastic medium reduces
to an elastic medium with the skeletal value of the Poisson's ratio, and for this case, the stress singularity has an oscilla-
tory form resulting from a Hilbert-problem formulation. Selvadurai69 examined the adhesive contact problem for the
general case of the indentation of a halfspace with a zero in-plane displacement in the contact region. The exact solu-
tion to the problem incorporating the oscillatory form of the stress singularity is given by Ufliand70 and Mossakovski71

(see also Gladwell26). The problem was formulated to yield a single Fredholm integral equation of the second kind that
was solved numerically. It was shown that the discrepancy between the exact solution and the Hilbert-problem formu-
lation was less than 0.546%. Since these investigations, Selvadurai and co-workers72–82 have successfully used this

FIGURE 3 Effect of Poisson's ratio on the axial stiffness of a rigid

circular disc resting on an elastic halfspace region: frictionless (F) and

adhesive (A) contact [Colour figure can be viewed at

wileyonlinelibrary.com]
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concept to examine adhesive contact problems related to inclusions in homogeneous and bi-material regions. The
influence of the special oscillatory forms of the stress singularity at the boundary of the bonded indenter was also
discussed by Selvadurai and Samea.57

7 | RESULTS

The method developed in the previous sections has been used to obtain the time-dependent response of a rigid circular
indenter resting on a poroelastic halfspace region reinforced with an inextensible membrane. The initial and final
response of the problem corresponds to the elasticity solutions 80 and 81–82 since the medium exhibits only elastic
deformations. For the purpose of presentation of the numerical results, it is useful to introduce the following
nondimensional parameters:

�h=
h
a
; �r=

r
a
; �c=

c 1+ νð Þ
kaη

; t� =
ct
a2

; �U =
Δ tð Þ
Δ t∞ð Þ : ð84Þ

In these expressions, �U is referred to as the displacement ratio; Δ(t) is the displacement of the rigid indenter at time
t, and Δ(t∞) is the final displacement of the rigid indenter corresponding to the end of consolidation stage.

Figure 4 illustrates the variation of the displacement ratio of the rigid indenter with the nondimensional time factor
t*(=c t/a2) for frictionless and adhesive contacts with the partially permeable assumption (Case III) at different rein-
forcement depths. These results are in exact agreement with the ones obtained by Yue and Selvadurai52 (represented in
black markers [♦]), and Selvadurai and Samea57 (represented in red markers [♦]) for large values of embedment depths
�h!∞
� �

when the effect of a reinforcing membrane will be insignificant.
Figure 5 shows the influence of the surface drainage conditions on the displacement ratio of the rigid indenter in

adhesive contact with a reinforced poroelastic halfspace. The corresponding computational results are also shown in

FIGURE 4 Effect of the embedment depth on the transient

displacement response of a poroelastic halfspace region: frictionless

(F) and adhesive (A) contact [Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 5 Effect of surface drainage conditions on the transient

displacement response of a poroelastic halfspace region: boundary

conditions corresponding to Case I–III (A) are stated in Section 3

[Colour figure can be viewed at wileyonlinelibrary.com]
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red. Results corresponding to the partially permeable case (Case III) are bounded between the upper values
corresponding to the entirely permeable surface (Case I) and the lower values of the entirely impermeable surface
(Case II). At early stages of the consolidation process (t* ≤ 0.001), the behavior of the partially permeable case is similar
to the impermeable case, while at the end of the consolidation process at t* ≥ 1000, its behavior resembles that of the
permeable boundary case. Table 1 gives a comparison between the computational and theoretical results at the end of
the consolidation process for different values of Poisson's ratio. Both theoretical and computational results for the
reinforced poroelastic halfspace are compared with the theoretical elasticity solution corresponding to the end of
consolidation state. For all of the three drainage boundary conditions, the error is less than 1%. In the results, the
infinite limit for the time factor (t*) is reached when t* ’ 105.

Figures 6 and 7 plot the axial stiffness of the indenter for different values of reinforcement embedment levels, �h ,
and time factors, t*, for partially drained frictionless and adhesive contacts, respectively. For both cases, as �h reaches
the value of 10, the axial load-displacement behavior of the rigid indenter corresponds approximately (to within an
accuracy of 2%) to the unreinforced poroelastic halfspace problem. Similar to the results for an elastic halfspace, for a
poroelastic halfspace composed of nearly incompressible material (ν ! 1/2), the optimal location for the placement of
the inextensible membrane is �h’ 1 , which confirms the observations of Selvadurai.32 Figure 7 also plots the
corresponding computational results for the adhesive contact with partially permeable boundary conditions. The
computational results show a good agreement with the theoretical solution over the entire range of �h.

Figure 8 compares the displacement ratio for both frictionless and adhesive contact assumptions. Results show that
the displacement ratio for adhesive contact is approximately 10% larger for all three drainage conditions at the early

TABLE 1 Comparison of the analytical and computational results for the axial settlement of a rigid circular disc in adhesive contact

with a reinforced halfspace region: boundary conditions corresponding to Cases I–III (A) are stated in Section 3

P0 1−νð Þ=4Ga Δ½ �ν=0:0
Analyt elastic = 1:15115

Δ t�!∞ð Þ½ �ν=0:0
Analyt poro

Δ½ �ν=0:0
Analyt elastic

Δ t�!∞ð Þ½ �ν=0:0
FE poro

Δ½ �ν=0:0
Analyt elastic

Case I (A) 1.00032 1.00573

Case II (A) 1.00124 1.00573

Case III (A) 1.00012 1.00573

P0 1−νð Þ=4Ga Δ½ �ν=0:25
Analyt elastic = 1:07337

Δ t�!∞ð Þ½ �ν=0:25
Analyt poro

Δ½ �ν=0:25
Analyt elastic

Δ t�!∞ð Þ½ �ν=0:25
FE poro

Δ½ �ν=0:25
Analyt elastic

Case I (A) 1.00052 1.00826

Case II (A) 1.00127 1.00826

Case III (A) 1.00044 1.00826

FIGURE 6 Effect of embedment depths on the axial stiffness of

a rigid circular disc resting on a poroelastic halfspace region:

frictionless (F) contact [Colour figure can be viewed at

wileyonlinelibrary.com]
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stages of the consolidation process. The displacement ratio for the adhesive contact decreases with increasing time and
approaches that of the frictionless contact as t ! ∞.

Figure 9 shows the displacement ratio �U for both contact assumptions at different values of Poisson's ratio. The
upper bound of the displacement ratio for both contact assumptions is associated with the nearly incompressible
halfspace with ν = 0.495 while the lower bound is associated with ν = 0. From Figure 9, it is evident that this upper
bound is nearly equal to 1 throughout the entire time range for both contact assumptions. The difference between the
results of both cases are more significant for smaller values of Poisson's ratio.

FIGURE 7 Effect of embedment depths on the axial stiffness of

a rigid circular disc resting on a poroelastic halfspace region: adhesive

(A) contact [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 8 Effect of contact assumption and drainage condition

on the transient displacement response of a poroelastic halfspace

region: frictionless (F) and adhesive (A) contact [Colour figure can be

viewed at wileyonlinelibrary.com]

FIGURE 9 Effect of Poisson's ratio on the transient displacement

response of a poroelastic halfspace region: frictionless (F) and adhesive

(A) contact [Colour figure can be viewed at wileyonlinelibrary.com]
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Figure 10 illustrates the influence of the contact assumption on the nondimensional interface pressure with time. It
is evident that the overall results for both contact assumptions are quite similar but are larger for the adhesive case at
all times. Significant changes in the pore fluid pressure is seen close to the edges of the indenter during the early stages
of consolidation. However, as the excess pressure dissipates over time, the pore fluid pressure shows a more uniform
profile at the contact interface.

Figure 11 shows the change in the stiffness of a rigid disc resting on a poroelastic halfspace with time. Results are
given for the partially drained adhesive case and for different coefficients of permeability. It can be seen that the
poroelastic effect on the stiffness diminishes and becomes negligible as the permeability increases.

Figure 12 presents the results for the axial stiffness of the rigid indenter in adhesive contact with a poroelastic
halfspace region with a partially permeable surface drainage condition (Case III). It compares the response of the

FIGURE 10 Pore fluid pressure distribution at the contact

region between the indenter and the poroelastic halfspace region:

frictionless (F) and adhesive (A) contact [Colour figure can be viewed

at wileyonlinelibrary.com]

FIGURE 11 Effect of coefficient of permeability on the axial

stiffness of rigid circular disc resting on a poroelastic halfspace region

FIGURE 12 Effect of membrane drainage condition on the axial

stiffness of rigid circular disc resting on a poroelastic halfspace region

[Colour figure can be viewed at wileyonlinelibrary.com]
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halfspace region when the drainage condition of the reinforcing element is either impervious, pervious, or drained. The
corresponding computational results are also shown in red and show good agreement with the analytical solution.
Results corresponding to the pervious reinforcing membrane are close to the impervious membrane at all times. For all
three cases, the early and final stage of consolidation corresponds to the elasticity solutions.

Figure 13 shows the change in the nondimensional pore fluid pressure distribution for different membrane
drainage conditions. The excess pore pressure is at its maximum value everywhere at the early stages of the consoli-
dation process. As time progresses, the pore pressure distribution diminishes and eventually tends to zero for all
three cases. A seemingly analogous distributions of the excess pore fluid pressure is observed for both impervious
and pervious membranes. This analogy is less pronounced around the membrane location where the pore pressure
boundary condition is prescribed. For the drained membrane, zero pore fluid pressure is invoked at the reinforce-
ment level.

8 | CONCLUSIONS

The paper develops an analytical solution for the problem of indentation of a poroelastic halfspace region that is
reinforced by an inextensible membrane of infinite extent located at a finite depth. Consistent constraints in terms
of adhesion and drainage boundary conditions were prescribed at the surface of the halfspace and at the reinforce-
ment level. Two contact assumptions were examined: for the first assumption, a zero-shear traction is specified on
the entire surface of the halfspace region. For the second one, a zero radial displacement is prescribed over the con-
tact region. For each of these assumptions, three cases of surface drainage conditions were specified. Also, three
drainage boundary conditions were considered at the plane of the reinforcing membrane: the first one assumes no
resistance to the flow of fluid (Equations 21–22), the second assumes a drained condition at the membrane level
(Equation 25), and the third prescribes zero fluid flow across the membrane (Equation 26). With the aid of Hankel
and Laplace transforms, a mathematical formulation is developed for the initial mixed boundary value problems
corresponding to each case. The time-dependent force resultant of the rigid disc is accurately estimated through the
numerical solution of the resulting sets of coupled Fredholm integral equations of the second kind and the applica-
tion of a numerical Laplace transform inversion technique. The problem agrees well with the exact closed form elas-
ticity solutions corresponding to the initial and final states of consolidation, for both contact assumptions. When
dealing with transition of the surface boundary conditions from a displacement constraint to a traction constraint,
the stress singularities exhibit complicated forms. These stress singularities have only a marginal influence on the
estimation of the axial load-displacement response of the indenter. The theoretical solution is used to calibrate the
computational results obtained from the finite element multi-physics code COMSOL™. At the end of consolidation
when the excess pore pressure is fully dissipated, the computational error is less than 1%. The reinforcement embed-
ment depth, the Poisson's ratio, and the permeability of the halfspace region have proven to have a strong influence
on the axial stiffness of the indenter. These effects are more pronounced for the adhesive contact compared to
the frictionless contact. Results show that for the nearly incompressible poroelastic solids, the optimal location for
the reinforcement is at the interior of the halfspace region. Also, relatively similar axial stiffnesses were obtained for
the pervious and impervious drainage conditions at the membrane.

FIGURE 13 Change in pore fluid pressure with depth [Colour

figure can be viewed at wileyonlinelibrary.com]
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APPENDIX A.

Kernel function for frictionless indentation of a reinforced poroelastic halfspace indented by a circular rigid indenter:

Ω̂
I
11 r,ρ,sð Þ= 2

π

ð∞
0
ϑ̂
I
11 ξ,sð Þcos rξð Þcos ρξð Þdξ, ðA1Þ

where

�̂ϑ
I

11 ξ,sð Þ= ς1e2hξ + ς2e2hφ + ς3eh ξ+φð Þ + ς4e2h ξ+φð Þ

ς5e2hξ + ς6e2hφ + ς7eh ξ+φð Þ + ς8e2h ξ+φð Þ ; ðA2Þ

ς1 = ξ3 ξ+φð Þ2, ðA3Þ

ς2 = 4h2η2ξ2 + 2hηξ−η+1
� �

ξ4φ+2η 1+ 2hξð Þξ3φ2− 8h2η2ξ2−1
� �

ξ2φ3

−2ξ 2hηξ+ η−1ð Þφ4 + η 4h2ηξ2−2hξ+1
� �

φ5,
ðA4Þ

ς3 = −4 1+ 2hηξð Þξ4φ−4ξ2φ3 1−2hηξð Þ, ðA5Þ

SAMEA AND SELVADURAI 21



SAMEA and SELVADURAI2188

ς4 = −ξ5 + 3−ηð Þξ4φ− 3−2ηð Þξ3φ2 + ξ2φ3−2ηξφ4 + ηφ5, ðA6Þ

ς5 = −2 1−ηð Þξ5−2ξ4φ−2ηξ3φ2, ðA7Þ

ς6 = −2 1−2η 1−hξð Þ+ η2 1−2hξ+2h2ξ2
� �� �

ξ4φ−2 1−η+2hηξð Þξ3φ2

−4η 1−η−hξ+2hηξ−2h2ηξ2
� �

ξ2φ3−2η 1−2hξð Þξφ4−2η2 1−2hξ+2h2ξ2
� �

φ5,
ðA8Þ

ς7 = 8 1−η 1−hξð Þ½ �ξ4φ+8η 1−hξð Þξ2φ3, ðA9Þ

ς8 = 2 1−ηð Þξ5−2 2−2η+ η2
� �

ξ4φ+2ξ3φ2−4 1−ηð Þηξ2φ3 + 2ηξφ4−2η2φ5: ðA10Þ

APPENDIX B.

Kernel function for frictionless indentation of a reinforced isotropic elastic halfspace indented by a circular rigid
indenter:

Ω r,ρð Þ= 2
π

ð∞
0
ϑ ξð Þcos rξð Þcos ρξð Þdξ, ðB1Þ

ϑ ξð Þ= −2 hξ+2ν−1ð Þ2
3−4νð Þe2hξ +2h2ξ2−2h 3−4νð Þξ+ 8ν2−12ν+5ð Þ : ðB2Þ

Kernel functions for adhesive indentation of a reinforced isotropic elastic halfspace indented by a circular rigid
indenter:

Ω11 r,ρð Þ= 2
π

ð∞
0
ϑ11 ξð Þcos rξð Þcos ρξð Þdξ, ðB3Þ

Ω12 r,ρð Þ= −
1
πη

ð∞
0

ϑ12 ξð Þ+1½ �cos rξð Þsin ρξð Þdξ, ðB4Þ

Ω21 r,ρð Þ= −
1
πη

ð∞
0

ϑ21 ξð Þ+1½ �sin rξð Þcos ρξð Þdξ, ðB5Þ

Ω22 r,ρð Þ= 2
π

ð∞
0
ϑ22 ξð Þsin rξð Þsin ρξð Þdξ, ðB6Þ

ϑ11 ξð Þ= −2 hξ+2ν−1ð Þ2
3−4νð Þe2hξ +2h2ξ2−2h 3−4νð Þξ+ 8ν2−12ν+5ð Þ ; ðB7Þ

ϑ12 ξð Þ= −4 1−νð Þ h2ξ2−h 3−4νð Þξ+ 4ν2−6ν+2ð Þ� �

1−2νð Þ 3−4νð Þe2hξ +2h2ξ2−2h 3−4νð Þξ+ 8ν2−12ν+5ð Þ� � ; ðB8Þ

ϑ21 ξð Þ= −4 1−νð Þ h2ξ2−h 3−4νð Þξ+ 4ν2−6ν+2ð Þ� �

1−2νð Þ 3−4νð Þe2hξ +2h2ξ2−2h 3−4νð Þξ+ 8ν2−12ν+5ð Þ� � ; ðB9Þ

ϑ22 ξð Þ= −2 hξ+2ν−2ð Þ2
3−4νð Þe2hξ +2h2ξ2−2h 3−4νð Þξ+ 8ν2−12ν+5ð Þ : ðB10Þ
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